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Abstract. 

The objective in stochastic filtering is to reconstruct the information about an unob¬ 
served (random) process, called the signal process, given the current available observations 
of a certain noisy transformation of that process. 

Usually X and Y are modeled by stochastic differential equations driven by a Brownian 
motion or a jump (or Levy) process. We are interested in the situation where both the 
state process X and the observation process Y are perturbed by coupled Levy processes. 

More precisely, L = {L\,L 2 ) is a 2-dimensional Levy process in which the structure of 
dependence is described by a Levy copula. We derive the associated Zakai equation for 
the density process and establish sufficient conditions depending on the copula and L for 
the solvability of the corresponding solution to the Zakai equation. In particular, we give 
conditions of existence and uniqueness of the density process, if one is interested to estimate 
quantities like P(X(t) > a), where a is a threshold. 


1 Introduction 

The objective in stochastic filtering is to reconstruct information about an unobserved (random) 
process, called the signal process, given the current available observations of a certain noisy 
transformation of that process. Here, the underlying problem is, that the unobserved problem 
may be corrupted by noise, and in addition, the observations made are usually again corrupted by 
some noise or random errors. The main objective of stochastic filtering is to estimate an evolving 
dynamical system usually called signal. That is, to extract the most precise information about 
the underlying system and to filter out the “noise” in the observations. These kind of problem 
appears in physics, engineering, and finance among others. 

This measurement noise is modeled very often by a stochastic process of Gaussian or Poisson 
type. In particular, the signal and the observation process can be modeled either by a discontin¬ 
uous or continuous random process. When both the signal X and the observation Y have discon¬ 
tinuous paths, one can distinguish three main frameworks. The first one is the case in which Y is 
driven by a counting process or a marked point process. We can refer to [4, 6, 17, 33, 35], and [36] 
among others for the results and advances made in this situation. The second framework is the 
case in which Y is driven by a mixed type process, that it, Y can be viewed as a sum of marked 
point process and a diffusion process. This case is the subject of recent papers [7, 18, 19, 20]. 
Finally, one can model the signal X and the observation F by a jump-diffusion processes, which 
is done e.g. in [7]. In that work, they also allow processes X and Y to be correlated and have 
common jump times. 

In the present paper we consider the filtering problem similar to the model in [7] but address 
the difficult situation where the signal and observation process are driven by two Levy processes 
which are correlated. To be more precise, in our model the state X and the observable Y solve 
a stochastic equation driven by general Levy processes. The Brownian part in X may be degen¬ 
erate. In addition both processes are corrupted by a pair of two purely discontinuous Levy pro¬ 
cesses, where the dependence structure is given by a Levy copula. Here X is corrupted by the first 
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process and the observation process is corrupted by the second process. By using the change of 
measure method we derive the associated Zakai equation. Using copula, we were able to calculate 
the diffusion coefficient in front of the random driving process in the Zakai equation explicitly. 
We treat the case of finite and infinite Levy measure separately in Theorem 2.2 and Theorem 
2.3. As mentioned in the abstract, we were mainly interested in the case where one would like to 
estimate entities like P(X(t) > a \ T(s), 0 < s < t) = £[!(„,oo)(-^(0) I 0 < s < t], a € M. 

Here the main difficulty is that the function M 9 x i—>■ is not twice differentiable and 

one has to use the smoothing property of the infinitesimal generate!’ of the driving Levy process 
of X (see [16]). Because of this, we also use the change of measure transformation and consider 
the Zakai Equation. In this paper, we were able to specify in Theorem 3.1 the exact conditions 
under which the density process exists and is uniquely defined. In addition, we investigated the 
regularity of the process. 

The organization of the paper is as follows. In Section 2, we introduce the problem and derive 
the Zakai Equation for finite and infinite Levy measures. In Section 3 we consider the case 
where one is interested to estimate an entity like P(Ai(t) > a), a £ M. Here, the main result 
is Theorem 3.1. Corollary 3.1 is an example which illustrates the applicability of Theorem 3.1. 
In the appendix we summarize results that are necessary for the proofs of our main results. 
In particular, in A we introduce the Zakai equation as an evolution equation taking values in 
Sobolev spaces. In B we introduce Levy copulas and give known results necessarily for the proofs 
of our main results. 

Notation 1.1. We denote by K+ the positive real half line, i.e. M+ = (0, oo), and by M[|_ the 
positive real have line including zero, i.e. M[|_ = [0,oo). For a measurable space {E,£) we denote 
by B}y{E) the Banach space of all bounded, real-valued, £-measurable functions equipped with 
the supremum norm. For a metric space {E,£) we denote by Cb{E) the Banach space of all 
bounded, real-valued and continuous functions equipped with the supremum norm. Let us denote 
by S the Schwartz space of all rapidly decreasing functions and S' its dual. For s G M and p > 1 
we denote by the Bessel Potential Spaces (or Sobolev spaces of fractional order), i.e. 

:= ifeS'-. \f\H^ := IJ^-^I + < oo}. 

Here, T denotes the Fourier transform given by 

= fiO = (2vr)-'' [ dx, f G 

jRd 

The space = {/ : M —>■ M : / is n times continuously differentiable and bounded}. 

2 Problem setting and the Zakai equation 

As mentioned in the introduction, we consider the filtering problem with Levy noise. In partic¬ 
ular, the state and observation processes are both perturbed by a Levy noise. Since in practice 
the noises in the state process and the observation process are usually depending on each other, 
so we allow our model to have certain dependence structure. 

In the case of Gaussian variables the dependence structure is described via a correlation 
matrix. However for the non-Gaussian random variables, the use of correlation coefficients is 
often misleading. Hence, we must choose the right tool to describe the dependence structure for 
non-Gaussian noise. Here, copulas are nowadays widely used in finance to express dependence 
of non-Gaussian random variables. In Apendix B we give a short summary on copula and some 
facts that we need for the proof of our main results. For a more detailed introduction, we refer 
to the books Cherubini et al. [8], Nelsen [38], Malvergne and Sornette [37]. 
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Let (Xi,X 2 ,..., Xn) be a random vector with marginal distribution functions -Fj, i.e. Fi{x) = 
P [Xi < x). By assuming Fi, ... ,Fn are continuous, one can show that up to a transformation 
the random vector 

(Fi(Xi),F2(X2),...,F„(X„)) 

has uniformly distributed margins. The cumulative distribution function (Ui, 172,..., Un) as¬ 
sociated to (Xi,..., Xn) is dehned by C/j = Fi(Xi), i = For any random vector 

[Xi,X 2 ,... ,Xn) with distribution F : M” —>■ [0,1] and continuous marginal distribution func¬ 
tions Fi, the function 

C : [0,1]" ^ [0,1] 

such that 


C{ui, ...,Un) = F{F^ ■■■,Fn ^{Un)), Ui G [0,1], i = 1,... ,n, 

is called the copula. The existence of a copula C associated to given marginal distribution 
Fi,... ,Fn is ensured by following theorem. 

Theorem 2.1. [Sklar’s Theorem] Given an n-dimensional distribution function F with contin¬ 
uous (cumulative) marginal distributions Fi,... ,Fn, there exists a unique n-copula C : [0,1]” —>■ 
[0,1] such that 

F{xi, ...,Xn)= C{Fi{xi), ...,Fn{Xn)), V(xi, . . . , G M". 

There are several different types of copulas. The ones very frequently seen in the literature 
are the independent copula defined by 

C{ui,U 2 , ...,Un) = UiU 2 

the Clayton copula defined for 0 G [—1, oo) \ {0} by 

C{ui, U 2 ,... ,Un) = max H-h u~^ - (n - !)]“», 0^ , 

and the Gumpel copula dehned for 0 G [1, oo) by 
C{ui,U 2 , ■■■,Un) 

(-Inui)'^-I-(-lnu2)^ H- \-{-h\Un)^ ^ 




In a similar way we can dehne the Levy copulas which is a general concept to capture jump 
dependence in multivariate Levy processes. The Levy copula is described in terms of the Levy 
measure. For more detailed introduction to Levy copula, we refer to the works of Cont and 
Tankov [9, 10] and Tankov and Kallson [32]. In addition we summarize some basic facts in 
appendix B. Since the Levy measure is usually cr-hnite, the dehnition of a copula has to be 
extended to a function acting on [— 00 , 00 ]. 

For this purpose, let be a Levy measure on M"" with marginal intensities z/i, z^ 2 ) • • • j ^n- Let 
X : M \ {0} —)• B(M) be given by 

{{x,co) x> 0, 

I (— 00 , x), X < 0. 

Let Ui be the tail integral dehned by 


Ui{z) 


sgn{z)ui{X{z)) , for2;GM\{0} 

< 0 for z = 00 or 2 ; = —00 

^00 for 2 ; = 0, i = l,2, ...,n 


( 2 . 1 ) 
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and 


U{zi,Z 2 , ...,Zn) 


for21,2:2,... ,^n G K \ {0} 

0 , for | 2 j| = 00 , i = 1 ,..., n 
z 2 (M”), for 2 j = 0 , i = 1 ,..., n. 


( 2 . 2 ) 


Now, for an n-dimensional Levy process L, one can associate a Levy copula H : [— 00 , 00 ]” —)■ 
[— 00 , 00 ] as 

[/(21, . . . , Zri) — H(JJ\ (21), . . . , Ufi (^Zn ')'), 2 i, . . . , Zn G M. 

In fact, thanks again to Sklar-type Theorem (see [32, Theorem 3.6]) for each n-dimensional Levy 
process with intensity n and marginal intensities i = 1,... ,n, there exists a Levy copula H 
such that 


U {zi, , Zn) — H(^Ui (21 ), . . . , Un iZn))j Zi, ... ., Zn G 


(2.3) 


Now, let us proceed with the setting of our main problem. Let iL be a Levy copula and 
L = {L{t) = L 2 {t)) G : t > 0} be a two dimensional pure jump Levy process 

with its marginal intensities vi and U 2 . Let Lq be a compensated pure jump Levy process and 
IT 2 = {W 2 {t) : t > 0} be a Brownian motion. We assume that all these objects are defined 
on a probability space 21 = (Jn)i>o,lP)- We also assume that L, Lq and IT 2 are mutually 

independent. 


Let the signal process X be the solution of the following SDE with random initial data Xq: 

( dX{t) = b{X{t)) dt + dLo{t) + dLi{t), t > 0, , . 

\ X(0) = Xo. ^ ^ 

Here 6 : M —)• M is a Lipschitz continuous function. Also we suppose that the observable process 
Y solves the following SDE with random initial data To. 


r dY{t) = g{X{t))dt + dL 2 {t) + dW 2 {t), t>0, 

I >^( 0 ) = To. 


where 5 : : M —)• M is a twice differentiable mapping. Let {A) : t > 0} and {Tt : t > 0} be the 
filtration defined by A) = c 7 ({X(s), s < t}) and Yt = cr{{Y (s),s < t}), respectively. In addition, 
let X = (Ut>oA)) and y = (Ut>oTt). 

The filtering problem consists of determining at a fixed time t > 0 the conditional distribution 
TTt of the signal X given the information accumulated from observing Y in the time interval [0, t]; 
that is, for f ^ T^^), we are aiming to compute the Bayes estimator 

7 ri(/)=E[/(X(t)) iTt], t> 0 . 


In order to study about the normalized conditional density vr = {vrt : t > 0}, one can mainly 
use two different methods. The first one is probability measure transformation and obtain Zakai 
equation which solves the un-normalized conditional density associated with normalized density 
vr. Then discuss about tt using Kallianpur-Striebel formula (see [2, Proposition 3.16]). The second 
method is called innovation approach which directly gives Fujisaki-Kallianpur-Kunita equation 
(called ”FKK equation”). Normalized density vr is the solution of FKK equation. In this paper 
we use the former method. 
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In the first step we apply the Girsanov’s Theorem to get a new measure Q which is chosen 
in such a way that T is a Levy process over the probability space {yt)t>o,Q)- For this 

purpose let Z = {Z{t) : t > 0} be given by 

Z{t) := e:iip g{X{s))dW 2 {s)g^{X{s))ds^ , t>0. (2.6) 

Note, that Z solves 

r dZ{t) = Z{t-)g{X{t-))dW 2 {t), 

I Z{0) = 1. 

over (n, J”, (J))t>o,P). Let Q be a new probability measure given by 


dQ 

dF 


Tt 


Z{t), t > 0. 


As in the Brownian case, one can show the following proposition. 

Proposition 2.1. If 


E 


/ 


\\g{X{s))fds 




< oo, E 


Z{s) ||ff(A(s))||ds 


< oo, t > 0, 


(2.7) 


then under Q the observation process Y is a Levy process. In particular, the a-field = 
a(Y(r) — Y{s),t < s < r) is independent to Yt- 


Proof. Let Q be defined as in equation (2.7). Firstly, note that by the Ito-Levy decomposition 
the continuous and discontinuous parts of Y are independent. In addition, under the new prob¬ 
ability measure Q, the continuous part of P is a Brownian motion. We can also see that the 
pure jump process is not affected by the change of measure. □ 


Setting V{t) = Z{t) we obtain as in [2, Eq. (3.30) page 56] that 


dF 


Tt 


V{t), t >0. 


Remark 2.1. The process P = {IL(t) : t > 0} defined by V{t) = Z{t) ^ solves on (fl, J', P) the 
equation 

( dV{t) = V{t)g{X{t)) [dW 2 {t) + g{X{t))dt] 

{ = V{t)g{X{t))dY%t), (2.8) 

[ V{0) = 1. 


(Y'^ denotes the continuous part ofY, i.e. the part ofY without jumps). Since the process IT 2 (t)-|- 
Jq g{X{s)) ds becomes a Brownian motion over {Q, X, {T't)t>o,Q), V is a {Ll, X, {Xt)t>o,Q.)- 
martingale. 

The following result is an immediate consequence of Proposition 2.1. We also refer to [2, 
Proposition 3.15, page 56]. 

Corollary 2.1. If U is X^- -measurable, then the law of the two random variables E*® [U \ T] 
and E'’^ [17 j Yt-] are the same over {I},X,Q). In particular, we have Q-a.s. 

E'Q [U 1 T] =E‘Q [U 1 Yt-]. 
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Remark 2.2. Similarly it can be shown that if U is J-t-measurable, then Q-a.s. 

[u I y] =E^ [u I yt]. 


Proof. Since P is a Levy process over IF, {Ft)t>o,Q), its increments are independent. Hence, 
for all t > 0, the cr-algebra 3^^'t generated by H(s) — Y{t~), s > t is independent to y^- under 
the measure Q. From [29, Proposition 6.6, page 110] the assertion follows. □ 


Fix t >0. Let TTt be the conditional distribution of X{t) at time t > 0. The Kallianpur-Striebel 
formula gives for t >0 (see [2, Proposition 3.16]) 

Now, we introduce the density process of the un-normalized conditional distribution p = {pt : 
t > 0} which is the measure valued process defined by 

Ptif) = {ptj) ='^'^[V{t) f{X{t)) \yt] = [ Ptix) f{x)dx, t>0, /9o = 7ro. 

Jr 


We will see later on, that the process p = {pt : t > 0} is very useful to calculate vr = {irt : t > 0}. 
By Corollary 2.1, we have 

K^[f{X{t))V{t)\y]=^^[f{X{t))V{t)\yt] = {ptJ), t> 0 , Q-a.s.. 

We also introduce the process f = {f{t) : t > 0} dehned by 

C{t) = E^ [V{t) I W] , t > 0. (2.9) 


Since H is a J)-martingale over (11, F, Q) and yt Y Ft, it follows that for 0 < s < t 


Xs] I T. 


E‘®[i^(s) I w] = e(s). 


Moreover, 


and 


C{t)TTt{f) = Ptif), t > 0, 
Mf) = pt{f)C^{t), t > 0. 


For these two formulas, we refer to [2, Definition 3.17 & Corollary 3.19, pages 58-59]. 

In the next theorem, we will derive the Zakai equation which is solved by the un-normalized 
density process p = {pt : t > 0}. To do that, we need to introduce some additional notations. 
A Levy process L is characterized by its characteristic function. In particular, there exists a 
function ^ : M i—>■ C such that 




The inhnitesimal generator of the Markovian semigroup of L is the so called pseudo-differential 
operator given by 

Aof:=-[ d^, f G cf (M). (2.10) 

Jr 

Here Ff denotes the Fourier transform of the function /. The function ijj is called the Levy 
symbol of the Levy process X, for more details on Aq and its properties we refer to [16]. The 
following theorem associates with the case where the Levy measure of the two dimensional Levy 
process L is finite. 
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Theorem 2.2. Let Lq be a Levy process with Levy symbol ijj and Aq be the infinitesimal generator 
of Lq. Let and ^2 be two finite Levy measures defined on the positive half real line, i.e. on 
M_i_. Let H be a twice differentiable copula. Let us denote the conditional Levy measure of jumps 
of Li given the jumps of L 2 by 


^1,Z2{U) = [ h{zi,Z2)ni{dzi), t/€ ^(M+), 

Ju 


where 


h{zi,Z2) 


duidu2 


H{ui,U2) 


u^=Ui{z^) ’ 
^ 2 =^ 2 (^ 2 ) 


and Ui, Lf 2 are the tail integrals of vi and V 2 , respectively. Let <7 : M — )• M and a : M — )• M 6e 
Lipschitz continuous mappings. Then the un-normalized conditional density estimator p = {pt ; 
t > 0} is a solution to the following equation 


{ptJ) = {poJ)+ [\ps-J-g)dYf (2.11) 

Jo 

+ [ {Ps-,Aof)ds+ [ {p,-,e,,J)ri 2 {dz 2 ,ds), V/€ 

Jo Jo 

where r ]2 denotes the Poisson random measure associated to L 2 with intensity V 2 , the operators 
Qz and Aq are defined by 


Qzf{x)= [ [f{x + Zi) - f{x)]vi^z{dzi), 
J M-L 


z G M+, a; G M, / G (M), 


and 

Aof{x) = b{x)f{x) +Aof{x), X G M,/ G 

where the operator Aq is the infinitesimal generator of the Markovian semigroup of Lq which is 
a pseudo-differential operator and defined through (2.10). 

Remark 2.3. Since izi and V 2 are finite Levy measures, the operator 0^ : is 

bounded for a// 2 G M and s G M. This can be seen by analyzing the symbol fiz associated to Qz 
defined as 

- 1 ) /i(zi, 2 ;)z^i((i 2 ;i). 

Jr+ ^ ' 

In fact, calculating the modulus of the symbol fiz 


\uo\ 



1 ) h{zi, z) vffdzi) 


< 2 


/ 

2 R- 


\h{zi,z)\ vffdzi) < 00 , 


we see that |(/>z(0| < C for all ^ G M. Therefore, ^z ■ L'^fU.) L^(M) defined by 

(<i>,u) (0 := MO M), MR, ue L^{R), 


is a bounded operator. Lfsing the spectral Theorem (see e.g. [13, Theorem f.9, p. 30]) one sees, 
that ^z acting on L^(M) as a multiplication operator corresponds via the Fourier transform to 
Qz acting on L^(]R). Next, the operator F~^{1 + is an isometry from R|(M) to L^(M). 

Hence, ^z is also bounded on HffR). This implies that 0^; : HffR) —>■ HffR) is bounded for all 
2 G M and s G M. 
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Proof. Let Ai = and A 2 = 2 ^ 2 ( 1 ^+)■ Next, let us denote the number of jumps of L 2 in 

the time interval [0,t] by N{t), the jumps themselves by {¥ 2^1 : i = 1,... ,N(t)} and the jump 
times by {s* : i = 1,... ,N(t)}. Then, given the jumps of L 2 in the time interval [0, t], Li{t) can 
be represented by 

N{t) 

= t>o, 

i=l 

where for z G M \ {0} the random variable is distributed as Ai^^ = z/i^ 2 (R+). 

More rigorously, conditioned on the jumps of L 2 {t), Li(t) can be viewed as a compound Poisson 
process having same jump times of L 2 {t) and the size of each jump of Li{t) depends on the 
size of the jump l 2 ,i at time Sj. 

By conditioning the process Li given L 2 , we can write 


f{X{t)) = /(Xo) + r (A /) (^(s)) ds + M{t) 

Jo 

+ f{Xis-)+Y^J-f{Xisr)) 

f{Xo)+ [\Aof){X{s))ds + M{t) 

Jo 

[ [ [f{X{s~) + zi) - f{X{s~))]ui^^^{dzi)rj2{dz2,ds) 

JR+ Jr+ 



+ 


+ /(x(s-) + y;’*)-/(x(s-)) 

/ + Zi) - f{X{s~))] Ui^z2{dzi) m{dz2, ds) 

+ Jr+ 

ft 



= f{Xo)+ {Aof){X{s))ds + M{t) + M{t) 


to 

+ 11 f + Zi) - f{X{s~))]ui^z2{dzi)v2{dz2,ds), 

>0 dR+ JR+ 


( 2 . 12 ) 


where 


and 


M{t)= f f{X{s))dLo{s), 
Jo 


t > 0, 


M{t) = J{t)-R{t)= Y. f{X{s-) + YY)-f{X{s-)) 

~[ f f [fiX{s~) + zi) - f{X{s~))]i'i^^^{dzi)r]2{dz2,ds), t>0. 

Jo dR+ JR+ 


Since Lq be a compensated pure jump Levy process, the process M = {M{t) : t > 0} is a 
martingale over {Xt)t>o^Q)- First, observe that we can write for a function cf) 


N{t) Nit) 

i=l i=l 


(I>{z2)m{dz2, {Si})- 
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In addition, we have by the tower property 


E 


= E 


= E 


= E 


J{t) k = N{t),{z 2 ,l,...,Z 2 ,k) = (h 2 ,l,---,h 2 ,fc) 


(2.13) 


f{X{s-)+Y^J-f{X{s-)) k = N{t),{z 2 ,l,...,Z 2 ,k) = {Y 2 ,l,...,Y 2 ,k) 


l<i<k 


^ E \fiX{s-) + Y^J - f{X{s-)) I y 2 ,i = ^2,1 k = N{t) 


l<i<k 


Y, / + k = N{t) 


l<i<k''‘^ 

Using the representation above, we get 
N{t) 


'^2 [ [ ) + ^i) - ))} i^i,z2{dzi)ri2{dz2, {si})- 


Replacing the summation by the integral with respect to the time we get 



) + zi) - f{X{s ))]vi^^^{dzi)r] 2 {dz 2 ,ds) = R{t). 


Now we want to show that 


M{t) I 


= 0, t > 0. Fix t > 0. Then 


M{t) I Yt 


[Jit) - Rit) I Tt] = E^ [Jit) I Tt] -1 
E^ [Jit) I J-i] I Tt] - E^ [R(t) I Yt] 
[Rit) I Tt] - E‘5 [R(t) I Yt] = 0, 


m) I Tt] 


(2.14) 


where Xi = {k = iV(t), ( 2 : 2 , 1 ,..., 2 ; 2 ,fc) = (^ 2 , 1 , • • •, R 2 ,fc) ■ k e N} Yt- Under the new 
probability measure Q, the process V = {Vit) : t > 0} solves the following SDE 


dVit) = Vit) giXit)) dY^it), t > 0, U(0) = 1, 


where Y^ denotes the continuous part of Y which is a Brownian motion under Q, adapted 
to iYt)t>o- Since V is driven by the continuous part of Y, and Lq independent from IU 2 , no 
correlation terms involving the process V appears. Thus, we get 

U(s“)dM(s)+ [ Vis-)dMis) 

Jo 

+ [ [ Vis~) [ [fiXis~) + zi)-fiXis~))]ui^z2idzi)v2idz2,ds) 

Jo .yK+ jr+ 

+ f Vis) giXis)) fiXis)) dY^is) + f U(s) (A/) iXis)) ds. 

Jo Jo 

Taking into account that M is a martingales over iV,,T,iYt)t>o,Q) with (2.14) and taking 
conditional expectation together with the Fubini Theorem [1, Theorem 1.1.8] to the entity 


fiXit))Vit) = fiXo)+ f 

Jo 
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above, we get 


[fix{t))v{t)\yt] = E^ [f{Xo)\yo]+-- 


[ V{s-)dM{s)\yt 
Jo 


=0 


+ ■ 


fv{s-)dM{s) I J +E‘Q [ fv{s) {Aof){X{s))ds \ yt 

Jo J L^o 


=0 




r g{Xis)) f{X{s)) dYf I J + E^ f [ 
Jo J Jo Jm. 


^(■S ) / [f{X{s ) + zi)-f{X{s ))] izi,z 2 {dzi)ri 2 {dz 2 ,ds) \yt 
JKi 



f{Xo) + [ [l^(s) {Aof ) {X{s)) I ds 

Jo 

^{s~) [ [f{X{s~) + Zi) - f{X{s~))] Ui^^^{dzi)rj2{dz2,ds) \yt 

JkJ 

fv{s)g{X{s))f{X{s))dY,^\yt 
Jo 


+ 


By imitating the calculations (2.13) and (2.14) for Jq* l/(s )dM{s)= /gVis )dJ(s)—fgV(s )dR{s), 
we could show that 

eQ[ 


'■[ [ V{s-)dM{s)\yt]=0. 
Jo 


In the next step we show that 


fv{s-)dM{s) I yt 

Jo 


= 0 . 



(2.15) 


Since V(s )dM{s) is J^^-measurable, it follows from Remark 2.2 

V{s-)dM{s)\yt] =E^[l\{s-)f'{X{s-))dLo{s)\yt] 

= E^[l\is-)f'iXis-))dLois)\y]. 

By following to [2, p. 60, the proof of the part (ii) of Lemma 3.21 ] similar arguments we get 

V{s-)f{X{s-)) dLo{s)\y]] = E<® [ei Vis-)f{X{s-)) dLg{s)] 
Vis-)f'{X{s-))dLo{s)] 



+ E<®( f iSsTs dY^{s), [' V{s-)f{X{s-)) dLo{s))t 
Jo Jo 

= E^[l\{s-)f{X{s-))dLo{s)] 

+ E<® fiSsTs ['v{s-)f{X{s-)){dY^{s),dLo{s))t = 0, 
Jo Jo 


(2.16) 
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where et = 1+/g iesVs dY‘^{s) is a member of the total set define in [2, p. 355, (B.19)]. This implies 
that E'Q V(s~) dM(s) | Tt =0 for any s € [0, t]. Since X(s) and y(s) are Jlj-measurable 
we have 

[y(s) (Aof) (X(s)) I Tt] = E® [y(s) (Aof) (X(s)) | Ts] • 

Since is Tt-measurable and is a Q-Brownian motion, it follows from [5, Lemma 1.2] and 

Corollary 2.1 


fv(s)ff(x(s))f(x(s))dvfiyt 

do 

fE^[V(s)g(X(s))f(X(s)) lytJdVf 
do 

fE^[V(s)g(X(s))f(X(s)) lysjdVf. 
do 


(2.17) 


Due to the fact that ) fj^+ [f{X(s ) + y) — f{X{s ))] vi^z^{dy) is a -measurable ran¬ 
dom variable and AL 2 = ^ 2 ( 5 ) — L 2 {s~) is independent from Jy,-, it follows again by Corollary 

2.1 


^(■s ) / [f{X{s ) + zi)-f{X{s ))] i'i,z 2 {dzi)g 2 {dz 2 ,ds) \yt 



[ [ E ^ [1/(5-) 

Jo ./k+ 

[ [fi^is~) + zi)-f{X{s~))] i^i,z2{dzi) \ yt 
dR+ 

/■'/ / E«[V(s-) 


g2{dz2,ds) 


) + zi)-f{X{s ))] i^i,z 2 idzi) \ys-]g 2 {dz 2 ,ds). 
By collecting all the results, one can conclude the theorem. 


□ 


In the case where the Levy measure of L is u-finite, the copula has to satisfy certain scaling 
properties. Namely, we have to take H such that 


hm ^ = H[u,v), u, u € 


(2.18) 


7^00 77(7,7) 

Now we can formulate the following Theorem for the case where Levy measure of L is cj-hnite. 

Theorem 2.3. Let Lq be a Levy process with symbol V'. Let i^i and 1^2 be two a-finite Levy 
measures such that 


/ \z\iyi{dz)+ / \z\iy 2 {dz) 

d\z\<l d\z\<l 


< 00 . 


'|z|<l 7 | 2|<1 

Let H be a twice differentiable copula which satisfies the scaling property (2.18). Let 
^1,Z2{U) = [ h{zi,Z 2 )vi{dzi), 17gB(R\{0}), 

du 


(2.19) 
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where 


h{zi,Z2) 


duidu2 


H{ui,U2) 


ui=(7i(zi) ’ 
“2=^2('^2) 


and Ui, U 2 are the tail integrals of z/i and 1 ^ 2 , respectively. Let g,b : M ^ M. and cj : M —)■ M are 

( 2 ) 

Lipschitz continuous mappings and g € The un-normalized conditional density p is a 

unique solution to the equation, 


{pt, f) 


( 2 . 20 ) 

{po,f)+[ {ps-J-g)dYf 
JO 

+ [ {Ps-,-^of)ds+ [ f {ps-,e^J)r] 2 idz 2 ,ds), V/e 

Jo Jo JR 


where p 2 is the Poisson random measure associated to L 2 and the operators 0 = {0^ : 2 G 
M\{0}}, A are given by 


&zf{x)= / [f{x + zi)-f{x)]vi^:,{dzi), x G M, zGM\{0}, 

Jr 

Aofix) = b{x)f'{x) + Aof{x), a; G M, / G 
Here Aq is the pseudo-differential operator associated with Lq. 

Remark 2.4. By taking f = 1 in (2.20) and taking into account that AqI = 0, 0^1 = 0, it 
follows that ^ solves 

i{t) = 1 +/ Ps{g)dYf = l+f p^-{l)Trs{g)dYf 

Jo Jo 

= 1 +/ f.{s)7rs{g)dYf, t>0. 

Jo 

Second and third equalities hold due to Kallianpur-Streibel formula and the fact that /3s(l) = ^(s) 
respectively. Hence, the inverse ? = {?(t) ■ t > 0} of f, is given by 

c;{t) = ?( 0 ) + /" c,{s~)Trs{gf ds - ! 7rs{g)dYf 

Jo Jo 

= ?( 0 ) + / (,{sf Ps{gf ds - [ <,{sfps{g)dYf. 

Jo Jo 

Since g G C'(2)(M), one can easily show that p{g) = {ptig) : t > 0} is bounded by \g\ci, and is 
well defined. Due to this fact and the Novikov condition, we can see that the process ? exists and 
well defined. 


Proof. To start with the proof, firstly let us cut off the small jumps from the Levy process L. 
For any e > 0, let = z/i(- n M \ {—e, e)), = r' 2 {- H M \ (—e, e)), and Af = (K), Al = 

We denote by Lf and LI the Levy processes corresponding to the Levy measures vf and 
respectively. As before, Qe be a probability measure such that 


where solves 

r dX%t) 

I ^"(0) 


dF 


Tt 


W(t), t>0, 


b{X^(t)) dt + dLQ{t) + dLl{t), t > 0, 


( 2 . 21 ) 
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and solves 

f dV^(t) = V^(t)g(X^(t)) ldW 2 (t)+g(X-(t)}dt] 

\ y£(o) = 1. 

Let p‘" = {pI : t > 0} be the un-normalized conditional density process given by 

pf(/) = E^^^ [v^{t)f{x^{t))\yt], 


and : t > 0} be the solution to 


r dY^{t) = g{X^{t))dt + dLl{t) + dW 2 {t), t > 0, 
\ y-(o) = Fo". 


(2.23) 


Notice that under the probability measure Qe, the continuous part of Y^ is a Brownian motion. 

Let us denote the number of jumps of LI in the time interval [0,t] by the jumps 

themselves by {L 2 ,£,i : i = 1,..., N^{t)}, and the jump times by {s| : z = 1,..., Then, 


Ne{t) 

m) = E y". 


2 = 1 


t > 0, 


where : i = 1,..., Ns{t)} is a family of independent random variables. For any i = 

1,..., Ns{t), the random variable is distributed by with z = T 2 ,e,i- Now following 

the same calculations as in the proof of Theorem 2.2, we get 

f{X^t)) = f{X^,)+ [\Aof){X%s))ds + M,it) 

Jo 

+ E fiX%sr) + Y^^’l)-fiX%sr)), 

l<i<Ne{t) 


where is a martingale and \ Yt] = 0. Put 

^i,z2iU) = [ h{zi,Z2)vi{dzi), U€B{R). 

J Un[{—oo,—£]\j[s ,oo)] 

Similarly as in Theorem 2.2, we denote the Poisson random measure corresponding to LI by 
Thus, we can write 

f{X^t)) = f{Xl) + f (Aof) (X^(s)) ds + MS) 

Jo 

+ E f{X^{s-)+Y^^^f)-f{X^{sS) 

= f{XI)+ [\Aof){X%s))ds + MS) 

Jo 

+ Y. f{X^{s-)+YYl)-f{X^{s-)) 

l<i<Ne(t) 

- f f [ [fiX"{s^) + zi)-fiX^sS)] S^S^i)r]2{dz2,ds) 

•Jo >/ M •/ M 

+ / / [ [fiX"{s~) + zi)-f{X^{s-))] ulSdzi)gUdz2,ds) 

Jo </ M </ M. 

= /(Xo") + / AofiX^is)) ds + MS) + MS) 

Jo 

+ f f [ [fiX%s-) + ^i)-fiX^s-))] ulSdzi)g^2{dz2,ds), 

Jo Jm. Jr 
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By using same arguments in the proof of Theorem (2.2), we can show that for t > 0 we have 
= 0. Next, the process t > 0} satisfies under the stochastic 

differential equation 

dV^t) = V%t) giX^^it)) dY%t), t > 0, = 1, 


where denotes the continuous part of Y^ and it does not depend up on e. Since is driven 
by the continuous part of Y^ and the jumps times are given, there will be no correlation terms 
in the formula for V^{t). Thus, we get 

fix^t)) V^t) = f{Xl) + f V^{s-) dM,{s) + f V^{s-) dM,{s) 

Jo Jo 

+ [ [ [ ^"is~)[fiX^s-) + zi)-f{X^s-))] ul,^{dzi)ri^2{dz2,ds) 

Jo Jm. Jr 

+ f V^{s) fiX^s)) dY^{s) + r (A/) ds. 

Jo Jo 

Note that 

yi = a{Yr : 0 < r < < |AL 2 (r)| < oo}. 

Taking into account that is a martingale over (n, T, (yi)t>o, Qe), the fact that E^^[M^{t)\y^] = 
0 and taking the conditional expectation together with the Fubini Theorem [1, Theorem 1.1.8] 
we get 


[f{x%t))v%t)\yn = E^^ [f{x^o)\yo] 


+ • 


+ - 


[ V^s-) dM,{s) \ y^ [ V^{s-)dMe{s) 

Jo \ L^o 


yt 


=0 


=0 


fv%s-)fiX%s-))dY^’%s) I [ fv%s-) {Aof)iX%s-))ds \ yf 

Jo J Uo 


+ • 


) [fix%s ) + Zi) - f{X%s ))] I'l^^{dzi)r]l{dz2,ds) \yt 


By imitating the calculation (2.13) and (2.14) for f^V^(s )dMs(s) = )dJ^{s) — 

fo dR^(s), we can again show that 

/V^(s-)dM,(s)|A] =0. 

40 

Next by following the same calculations done in (2.15) and (2.16), we can prove that 


f V^s-) dM,{s)\y!] = 0. 

Jo 

Now, since -^^(s) is A^measurable we have 

E«J^ [F^(s) (A/) (^^(^)) I A] = r (^) (A/) (^^(^)) I A] • 


Note that since Y^{t) is Tf-measurable, we have similarly as in Theorem 2.2, 

E^^ [ f V%s-)g{X^is-)) f{X%s-))dY,^ \ yf] = f [V%s-)g{X^ (s-)) f{X^ (s-)) \ A_] dYf. 
Jo _ Jo 
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Since [/(X^(Sj ) + y) — /(X'^(Sj ))] uf ^^{dy) is an -measurable random variable, 

L 2 is a Levy process with respect to )t> 0 ) Q"^) j we obtain 


y'is ) [f{x%s ) + zi)- f{X%s ))] uf^^^{dzi)r]^ 2 idz 2 ,ds) ly^ 


fl 


V^s-) [f{X%s-) + ^ 1 ) - f{X^{s-))] ul,^{dz,) I 3^,^ 


r]^{dz2,ds) 


['L^(s ) [f{X%s ) + zi)- f{X%s ))] iyl,^{dzi)r]l{dz 2 ,ds). 


Now collecting all the terms, we get 


[f{X%t))V^t) I yn [f{X^o) I Jio] + [y^(s) {Aof) {X%s)) \ ds (2.24) 

Jo 

+ fE^^[g{X%s))fiX%s)) \ yi]dY%s) 

Jo 

+ f f [ E«-[V'(»-)[/(A''(«-) + 2i)-/(V'(«-))] IrM ^\„{dz0riUdz2,ds). 

»/ 0 »/ M »/ M 


Now we would like to pass to the limit and to get the desired Zakai equation. By [1, p. 235 
Corollary 4.3.10 and p. 392, Theorem 6.5.2] it follows X^ —)• X and ^ Y uniformly on 
compact interval almost surely. Hence, the term E*®^ [/{Xq) \ To] converges to E*® [/{Xq) \ To] 
as e —0. Fix t > 0. Because of the above fact, we apply Theorem C.l to show that for any 
s € [0, t], Q-a.s. 

E^^^ [V^{s){Aof){X^{s)) I T|] ^ E^ [V{s){AomX{s)) | Ts], e ^ 0. 

The Lebesgue dominated convergence Theorem gives that /q E*®® [T^(s) {Aof) (T^(s)) | Tf] ds 
converges to Jq E*® [T(s) (Aof) {X{s)) \ Ts] ds. Next, again applying Theorem C.l gives for any 
s € [0,t] that E*®® [ 5 (X^(s))/(X^(s)) | Tf] converges to E*® [ 5 r(X(s))/(X(s)) | Ts]- Again the 
Burkholder-Gundy-Davis inequality and the Lebesgue dominated convergence Theorem gives 
that 

/'e«-[9(v'(s))/(W(»)) \y;]dY%s) 

Jo 

converges to 

f E^[g{X{s)) f{X{s)) \ys]dY^{s) 

Jo 

as e —0. Our final goal is to prove that 



[T^(s-) [f{X^{s-) + zi) - f{X^{s-))] I TI-] 


^i,z2^dzi)gl{dz2,ds) 


converges to 


f [ [ E^[V{s-)[f{X{s-) + z,)-f{X{s-))] iTs-] iyi,z2{dzi)g2{dz2,ds) 

Jo >/ M t/M 

as e —>■ 0 . For the notational convenient, we use 

[V^in [f{X%t-) + zi) - f{X%t-))] I T^] 


imsart-bjps ver. 2011/11/15 file: Filtering_Copula.tex date: January 31, 2017 






16 


B. P. W. Fernando and E. Hausenblas 


and 


[y(t-) [f{X{t-) + zi) - f{X{t-))] I X-] ■ 



< 


+ 



Now consider 

rt r r 

[%%,Z2 T^i,z2idzi)ril{dz2,ds) - ^s,zi,z2 Vi,z2{dzi)ri2{dz2,ds)\ (2.25) 

[^lzuz 2 ^{-e,eYi^i) - '^S,ZUZ 2 ] h{zi, Z 2 )i'i{dzi) r]l{dz 2 , ds) 

^S,Zl,Z2 h{zi,Z 2 )yi{dzi) [7^2{dz2,ds) - r] 2 {dz 2 ,ds)] 

The first term in right hand side gives 

rt r p 

22 1 (-£.£)"(^i) “ '^S,ZUZ2] h{zi,Z2)vi{dzi)r]^{dz2,ds) ( 2 . 26 ) 

221 (-£.£)= (^l) “ '^S,Z1,Z2] h{zi,Z2)yi{dzi)fil{dz2,ds) 
[^lzi,Z2^{-e,eY{zi) - '^*, 21 , 22 ] Kzi,Z2)l'l{dzi)l(^_^^^Y^Z2)v2{dZ2)ds 


< 



+ 


where fj 2 (dz 2 ,ds) = rj 2 {dz 2 , ds) — t'|(ciz 2 )(is and (—e, e)'^ = M\ (—e, e). Applying the Burkholder- 
Gundy-Davis inequality, Holder inequality and Jensen’s inequality 


< C(t)E‘Q 


{%%,z2^{-6,6Y(^i) - ‘^s,zuz2) h{zi,Z2)vi{dzi) 


l(_£,£)c(^;2)i^2(d2:2)ds 



['^ 5 ^ 21,22 (^ 1 ) - '^s,Zi,Z2] h{zi,Z2)vi{dzi)li^_^^^Y(z2)v2{dz2)ds 


(^S,21,22 ^( —£,e)‘^ 


+ 



:(zi) - '^^,. 21 , 22 ) h{zi,Z 2 )h'i{dzi) 
['^s! 2 i, 22 l(-£.£h(^l) - '^£,^ 1 , 22 ] h{zi,Z 2 )vi{dzi) 


Y-e,ey 


■■{Z2)v2{dz2)ds 




(-£,£)' 


■■{z2)V2{dZ2)ds. 


Due to Assumption 2.19 and using simple arguments together with Theorem C.l and Lebesgue 
Dominated Convergence theorem, we can show that the two terms in above inequality, i.e. 

2 


and 


/ ['^s%i,22l(-£.£)'=(^l) ^ 2 ) 1^1 (d^l) 

JlR 

/ ['^s^2i,22l(-£,£)'=(^l) - 21 , 22]^(21, 22 ) 1 ^ 1 (^ 21 ) 

Jr 


converge to zero as e —>■ 0. Then by the Lebesgue Dominated Convergence theorem, the two 
terms in right hand side of above inequality converge to zero as e —>• 0. Let us consider the 
second term in the right hand side of (2.25), 

rt f p 

(2.27) 


< 


+ 


^S,2l,22 h{zi,Z2)iyi{dzi) [r]l{dz2:ds) - r]2{dz2:ds)] 
^S,Zi^Z 2 h{zi, Z2)i^i{dzi) [fi^{dz2,ds) - fi2idz2, ds)] 

m ^S,21,22 h{zi,Z2)iyi{dzi) l(-e:,e){z2)’^2{dZ2)ds 

[ 
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The Burkholder-Gundy-Davis inequality and Jensen’s inequality imply 


< 



h{zi,Z 2 )vi{dzi) 


I(^_^^^){z2)v2{dz2)ds 


+ 



21,^2 h{zi,Z 2 )l'l{dzi) l{-e,e){z 2 )v 2 {dZ 2 )ds 


+ 


/‘ 

//' 


^^, 21 , 22 ^ 1,22 {dzi) 


l(_£,e) (22)2^2 (d 22 )ds 


^S,2l,22 ^1,^2 (d^i) 


!(_£,£) (z2)i^2(d^2)ds- 


Again, arguing as before and using assumption 2.19, we see that the two terms in right hand 
side of the above inequality go to zero as e —>■ 0. 


Summarizing, we have shown that for any t > 0, E*®® [f [X^{t))V^{t) \ yf] converges to 
[f {X{t))V(t) I yt] Q-a.s.. It is straightforward to see that the family of processes [0,T] 3 
1 1 -> E'®® [f (X^{t))V^{t) I yf] is tight. Hence, we know by Theorem 7.8 by [14], that the process 
E^® [f(X^{-))V^{-) I y^] converges to the process E*® [f{X{-))V{-) \ T-] in D([0, r];M). 

□ 


3 Sufficient conditions for solvability of the Zakai equation 

In practice one is often interested in entities like 

E(A(t) > a), a G M, 

where a is a given threshold. This correspond to the case where / = l[a,oo)- Unfortunately, in 
this case / ^ and we cannot expect that equation (2.20) is well-posed. One method 

to handle this problem is to treat equation (2.20) by the semigroup approach. Let us denote 
the inhnitesimal generator of the process Lq with the drift ( that is b(X(s)) ds) by Aq. If Aq 
generates an analytic semigroup with good smoothing property, then one can show the existence 
of a measure valued solution to (2.20) even for the case where / = l[a,oo)- U the driving process 
Lq of the state process Ai is a Brownian motion, then the operator Aq in the Zakai equation 
(2.20) is the Laplace operator with first order operator. However, if Lq is a Levy process of pure 
jump type^, then Aq will be a pseudo differential operator. 

There exists several approaches to deal with pseudo-operators arising from Levy processes. 
One way is to define the operator Aq associated with the symbol given by 

4>Ao{^) ■= iKx)i + - 1 ) Mdz), ^ G M. 

Here, Lq is a Levy process of pure jump type with intensity vq. For a short account on the 
associated symbol to a Levy process we refer to [16]. More details can be found in the article of 
Hoh [25], and in the books of Jacobs [26, 27, 28]. 

It can be shown that Mo with domain D{Aq) generates a strongly continuous semigroup = 
(T 4 o(t))t>o on L^(M'^). This semigroup can be extended (or restricted) to a semigroup acting 
on L7|(]R‘’*), s G M. By analyzing the symbol 4>Ao} one gets information about the smoothing 
properties of the semigroup = iTAoit))t>o- 

^We say that a Levy process is of pure jump type if it has no Gaussian part. 

^If Ao is the Laplacian, then (j)Ao{0 ~ 6^- 
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Definition 3.1 (compare [16]). Let L be a Levy process with symbol V’ and if: G \ {0}) 

for some k gNq. Then the Blumenthal-Getoor index of order k is defined by 


fd := inf < A : lim 




A>0 


|?Koo 


= 0 


Let 


be the upper and 


/3+ := inf |A : limsup = 0 


ft := inf < A : lim inf ——p-j- = 0 

1 lci-~ , 


be the lower Blumenthal-Getoor index (3 of order k. Here a denotes a multi-index. If k = oo 
then Blumenthal-Getoor index of infinity order is defined by 


ft:= 


inf 

A>0 

q; is a muliindex 


\d^m\ 


A : lim 


= 0 


In many cases the index can be calculated directly from the symbol and is known. A sequence 
of examples of the generalized Blumenthal-Getoor index, like the symmetric a-stable process, 
tempered a-stable process, Meixner process and normal inverse Gaussian process are given in 
[16], 

Depending on the lower index of Lq and the marginal Levy measures vi and 1^2 of the Levy 
process L, one can prove that there exists a unique measure valued process vr = {tt^ ; t > 0} 
such that 

7ri(/)=E[/(A(t)) |3^t], feBhiR). 

Theorem 3.1. Let us assume that 

• Aq has distribution function F, which has a Lf^-integrable density with respect to the 
Lebesgue measure; 

• the symbol 'ifo associated to Lq has lower Blumenthal-Getoor index > 1 of order two, 


g€Hi 


nc, 


( 2 ) 


with 6 > 1 — ^; 


the symbol associated to the operator 0^, has upper Blumenthal-Getoor index fi'^ < 1 
of order two, 

there exists some function k : M]]" —)■ M]]', A:(0) = 0, continuous at 0, such that 


y l</’0Z2(Ol 
limsup 

icKoo I4r 


< k{z 2 ), Z 2 € 


(3.1) 


For simplicity, we take Li and L 2 with positive jumps such that 


/ Iziluiidzi) + \z2\l^2{dZ2) < 00. 

'|2l|<l J\Z2\<1 


In addition, if there exists a number p G (1,2] such that 

\k{z2)\^ n2idz2) < 00 , 


A<i 




P 


'\Z2\<1 


(3.2) 
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then there exists a unique normalized conditional density vr = {vr^ : t >0} such that 

7rtif) = E[f{X{t))\yt], feBh{M). 

Moreover for f € iTtif) is given by 

= (y{t) ■ pt{f) 


where a = {cr(t) : t > 0} solves 

a{t) = 1 + / Ps-{g) dYf, t > 0, 

Jo 

and p = {pt ■ t > 0} is the unique solution of the following equation 

r dpt = AoPtdt + ptgdYf + f^ei^pi.-r] 2 {dz 2 ,dt), 
\ Po = TTq, 


(3.3) 


where Aq and 0*^ are adjoint operators of Aq and 0 ^ 2 . 

The adjoint operators .Aq and 0*^ are defined as follows. Let cr^o(x,^) be the symbol of 
the operator Aq. Therefore by using [43, p. 26, the adjoint operator representation (3.37)], the 
symbol of the operator .Aq can be read as 

-• 

|a|<l 


Similarly, the symbol of the adjoint operator 0*^ is given by 


m) ~ E 

|q|<s 


dlMO 

al 


Proof. We apply Theorem A.l to get an Hf (M)-valued solution, and then we show the existence 
of normalized conditional density by using the Getoor’s lemma [22, Proposition 4.1] or [15, 
Lemma 3.9]. 

In fact if we take Q = ^, then one can easily see that (3.1) and (3.2) imply that A := A* and 
G := 0* satisfy the assumptions of Theorem A.l. By [40, Theorem 1 , p. 190] we have 

\u9\n+s-:^<HH^\g\M, ueHl{R) and g G 

H ^ A A 

-^2 

Therefore, by setting T,(u) = u ■ g we also see that T, satisfies the assumptions of Theorem A.l 

as well. Hence from these observations we see that if the assumptions of Theorem 3.1 hold, then 

1 

it follows from Theorem A.l that there exists a Hf (M)~valued process p, such that for any t > 0 

Ptif) = [Vit) f{Xit)) I Tt], / G BiR). 

Secondly, let us fix t > 0 and set G = Yt as the u-field on Q and define the operator T by 

Tf{io)=E[fiX{t))\yt] (UJ). 

It is easy to check that T is a.s. linear and positive. Let {/„ : n G N} C Bh{R) be a sequence 
with 0 < fn f f- But if fn ^ f in L°°{R), then one knows by Sobolev embedding theorem 
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_ 1 1 

that /n —>■ / in H 2 ^(M). Since for t > Q pt \s (M)“Valued un-normalized density measure, 
Ptifn) Pt{f)- Here, one has to take into account that the density of Xq belongs po G L^(]R). 
In addition, since /Of(l) is well defined and invertible (see Remark 2.4), we have 


TTtifn) 


Ptifn) 

Pt(l) 


Ptif) 

Pt(l) 


Mf)- 


That is TTtifn) —^ ’^tif)- Since for fnff,f — fn is a.s. positive, it follows that T(/ — /„) is also 
a.s. positive and, therefore, Tfnf Tf. 

Now, thanks to these two points we can infer from [22, Proposition 4.1] or [15, Lemma 3.9] 
that there exists a kernel 

such that 

E [fiX{t)) I yt] (ca) = / fiu)ptioo, du), f G Rfe(M). 

4R 

□ 


In the following corollary we present an example to illustrate the applicability of Theorem 

3.1. 

Corollary 3.1. Let Lq he a tempered a-stahle Levy process with a > 1 (see example 3.3) with 
Levy measure 

u{U)= [ |zr“-^e-l^ld2, UeB{R), 

Ju 

and ni, 1^2 are tempered (i-stable suhordinators, jd <1, with Levy measure 

n{U) = [ U G B(R). 

Ju 

Let g G H 2 (M) n (M) C (M) with 6 > 1 — ^ . Let H he the Clayton copula with index 
0 > 0. If the distribution of Xq has a L^ integrable density with respect to the Lebesgue measure, 
then there exists a unique family of probabilities kernels vr = {vr^ : t > 0} such 


7ri(/)=E[/(X(t)) iTi], /GRfe(M). 


Moreover for f G R(M) the kernel T^tif) is given by 

-^tif) = a{t) ■ Ptif), 

where a = {ait) : t > 0} solves 

ait) = 1 + / Ps-ig) dYf, t > 0 , 

Jo 

and p = {pt : t > 0} solves 

( dpt = Alpt dt + pthdYf + J^Ql^pt-p2idz2,dt), 

\ Po = T^O, 

where 

&zfix)= [ [fix + zi)-fix)]ui^:,idzi), z G M+,x G M, / G 

Jr 


(3.4) 
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Proof. By Theorem 1 of [40, p. 190] we have 

\u{r)gf < k(r)|^| \g\^s. 

^2 

Now fix € M \ {0}. In the Hrst step we will investigate the symbol of 02. The operator 
02 is reduced to following the form with the Clayton copula for / € (M), 

roo 

{Qzf){x) = (1-6')/ [fix + y) - f{x)] 

Jo 

X {\Uiiy)\-^ + \U2iz)\-^y'~^ \Uiiy)\-^-^\U2iz)\-^-^i^iidy). 

For us it is important to know the upper index of the symbol associated to 02- The symbol 
(pe, is given by 


roo 

'^iiy _ 1 

Jo 

- 


= (1 + 0)/ 

Jo 

x{\Ui{y)\-<> + \U2iz)\ 
By the Clayton copula, we get 

<('0.(6 = (i+0)ii72(6r'“' 


-e 


-- — 2 
n ^ 


\Ui{y)\-^-^\U2iz)\-^-^iyiidy). 


f 


g+y — 1 — i^y 


+ {1 + 9)\U2{z)\ 


- 0-1 


+ \U2{Z)\ 


-e 


-0 


+ \U2iz)\- 


- 0 \ e 


-2 


|t^i(y)l ^ ^’^i{dy) 


-- — 2 
a ^ 


1*00 

X / i^y 

Jo 

roo fy r 

{l-e)\U2{z)\-^-^ / 

Jo Jo Jo 


\Ui{y)\ vi{dy) 


e^^^dudv 


+ il + 9 )\U 2 {z)\ 


-0 


+ \U2{Z)\- 


- 0 \ e 


-- — 2 
n ^ 


\Ui{y)\ ® ^fi{y)dy 


-e-1 


roo 

X / i^y 

Jo 


-0 


+ \U2{Z)\ 


-6 


-- — 2 
a ^ 


\Ui{y)\ ® ^Mdy) 


where vi{dy) = fi{y) dy. 0ne gets by the Fubini’s Theorem 

rR 


h{z) = 2{l +6) \U2{z)\-^-^ (iC)^ lim [ 

R^OO Jq 




0 

--—2 
n ^ 


|17i(u)| ® ^fi{u)dudv 


{u)\-<^ + \U2{z)r 

LJy Jv '' 

Applying a version of Corput’s Lemma (see [44, p. 334 - (6)]) we infer that 

rR 

/ dy 
Jo 


dy. 


\h{z)\ < 2(l + 0)|[/2(6r-6el lim 

R^oo 


ff 


u)\-‘ + mz)\ 


. —1 — 2 
-e\ ^ 


|(7i(u)| ^ ^fii'iz) dudv 


< 2(i+e)|(72(z)r‘'-i|ei 

roo ro 

Jo Jv 


U)\-^ + \U2{z)\-^^~^~" 


|[/i(u)| ^ ^fi{u) dudv 
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Substitution with m = Ui{u) gives the estimate 

\-e-i 


\hiz)\<2{l + 9)\U2iz)\ 

roo rO . 

I / (\m\-^ + \U2iz)\ 

0 JUi{v) ^ 


ICI 


^ \m\ ^ ^dmdv 


from which we deduce that 
\h{z)\ 

< 2{l + 9)\U2{z)\-<^-^\i\ 

Again, substitution with I = Ui{v) gives 

\h(z)\<2{\ + 0)\U^{z)\-'>-' IJI 


f 


v)\-^ + \U 2 {z)\-n ” dv 


-i -1 




Mur'ii)) 


dl 


Observe, we have 


u^\i) = 

Since fi{y) = y~^~^ we get for any 7 > 0 

g(l) := \ 

Thus, we can write 

roo 

\h{z)\ < 2{1+ 9)C0\C\ 

Jo 


\U2{Z)\ 


-e 


-i-i 


+ 1 


r^~^di. 


Substitution gives 

\h{z)\ < 2(i+0)c^ici r 

Jo 


u ^ + 1 ) ° {uU 2 {z)) P ^U 2 (z)du 


-4-1 


-4-1 


< 


1 / \-- 

2{l + 9)Cf,\^\\U2{z)\-^ r +0 ' 


-^-1 - 1-1 

u P ^ du. 


Now consider, 

\h{z)\ < 2(1+9)|[/2(2)|-»-‘ 


riSy{\Ui(s)\-'’ + \U 2 {z)\-‘) ’ ^ \Ui(y)\-‘-^h{y) 


dy 


Substitution with v = Ui{y) gives the estimate 

\l 2 {z)\ < 2{l + 9W\U2{z)\-^-^\i\ 


fC’ 


v\-^ + \U2{z)\ 


\--—2 1 
-e\ 0 I i- 6 »-i-i , 

' m dv 


= 2{l + 9)r^\U2{z)f\i\ 


f 


\U2iz)\ 


-e \ ~e 


-- — 2 
n ^ 


+ 1 1 \v\ ^ ^ dv 
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Now take u = ^ as a substitution to obtain, 

\U2{z)\ ’ 


\h{z)\ < 2{l + 6)13-^ \U 2 {z)\—^\i\ 

, _/)_ 1 


/ 

JO 


u ^ + \] " u J ^ du. 


-0-4-1 


Since U 2 {z) = j3\z\ ^ we have 


\h{z) + l 2 {z)\ < 2C|e||^|, 


where 


( /■CO ^ . —i —1 1 1 / \ -- 

Cp J (^^"^ + 1 ) ' u~j~^du + pp J + ' 


u ^ J ^ du\ . 


Since /3 < 1, we have 


[ k2{zfu2idz) = [\z\P\z\-f^-Uz 
J\z\<l J~1 


< oo, 


for any p > 1. This shows that the upper index of 0^ is 1. Since a > 1, there exists a number 
p > 1 such that 


a~ 


< 


V 


By the assumptions, the law of Xq has a density function F which is integrable and po{f) = 
J^po{x) f{x) dx. Therefore we have po G Hence, by Theorem 3.1 one can conclude the 

proof of Corollary 3.1. □ 


Appendix A: The Zakai Equation as a stochastic evolution equation 

In this appendix we treat the Zakai equation as a stochastic evolution equation on a Hilbert 
space and establish the existence and uniqueness of its mild solution. For doing so, let X be 
a Hilbert space, H be a possibly unbounded operator generating an analytic Cq semigroup 
(T_ 4 (t))j>o on X. Let r/ be a time homogenous Poisson random measure with Levy measure on 
a measurable space {Z, Z) over a probability space (H, G, {Gt)t>o, Q) and B = {B{t) : t > 0} be a 
1-dimensional Brownian motion defined over the same filtered probability space. Let / : X —)■ X, 
S : X —>■ X be two mappings and G : [0,T]xXxR^Xbea progressively measurable mapping. 
Consider the following equation with random initial data uq: 

( du{t) = {Au{t) + f{u{t))) dt+ 'Z{u{t)) dB{t) 

\ + !^G{t,u{t-),z)ri{dz,dt), (A.l) 

[ u(0) = no G X, P a.s., 

where fi{dz,dt) = r]{dz,dt) — iz{dz)dt is the compensated Poisson random measure. Now we 
dehne the concept of solution we have in mind. 

Definition A.l. We call a stochastic process u = {u{t) : t > 0} a mild solution to (A.l), if u 
is cddldg in X and satisfies P-a.s. 

u{t)=Uo+[ TA{t-r)f{u{r))dr 

Jo 

+ / TA{t — r)Z{u{r)) dB{r) + I I TA{t — r)G{r,u{r~)^z)f}{dz,dr). 

Jo Jo Jr 
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We state and prove the following result. 

Theorem A.l. Fix G M. Let us assume that 

• there exists some > “1 such that uq G P a.s.; 

• the operator A has symbol ijj with lower Blumenthal-Getoor index 

• there exists a 6f < aQ and a constant Cf > 0 with 

\fix) - fiy)\ ,-Sf <Cf\x-y\He, x,yeHl{R) 

^2 ^ 


• there exists a d-z < ^ and a constant Cz > 0 such that 

\T.{x) -J:{y)\^e-s^ <Cz\x-y\Hi, x,yGiJ|(M); 

• there exists > 0 and some q G [1,2] such that the operator G satisfies the following 
inequality 


[ \G{r,x,z)-G{r,y,z)\'^ iy{dz)<CG\x-y\‘^j^,, (A. 2 ) 

2 | 2|<1 XI2 (n.) 2 


'ld< 

G i?|(K) and for \z\ > 1, r G [0,T], 


(A.3) 


\G{r,x,z) - G{r,x,z)\^,_i 3 +^^^ < Cg\x - yljjP, ?/,xGF|(M), rG[0,r]. 


In addition, if 


1 B+ 1 

0 — Qo < -1 cmd < - , 

q do q 


then, there exists a mild solution u belonging P-a.s. to ©((O, T], fl|(]R)) n B([0, Tj; of 

the stochastic evolution equation 


(A.4) 


du{t) = {Au{t) + f {u{t))) dt +'F,{u{t)) dB(t) 

+ j^G{t,u{t-),z)fi{dz,dt), 
u(0) = tto, P a.s. 

with random initial data uq G 

Proof. First we tackle the case where the ( 7 -moments are bounded, i.e. we suppose 

[ \G{r,x,z) - G{r,y, z)\'^ + u{dz) < CgIx - 

J XI 2 {.Kj 2 

for G Ff|(M), r G [0, Tj. Let Q < + and 

M^_^([0, T] X fl; M) := jri : [0, T] x fl ^ M, 

u is progressively measurable and E I (it < 00 1 

equipped with the norm 

, n G M®^^([0,T] x M). 


(A.5) 
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Now, the existence of the mild solution will be established by making use of Banach fixed point 
Theorem (see e.g. [23]). For any A > 0 let us define the operator 

X : M^_^([0, T] X M) ^ M^_^([0, T] x M) 


by 


I{u){t) = TA{t)uo + f TA{t-r)f{u{r))dr+ f TA{t - r) 

Jo Jo 

X T,{u{r))dB{r) + / / TA{t — r)G{r,u{r~), z) fi{dz,dr), t > 0, 

Jo J\z\<l 

and u € ^ First, we have to show that I maps ^([0,T] x n;M) into itself. 

Since the symbol of 'tpQ has a Blumenthal-Getoor lower index Oq , Theorem 2.1 in [16] implies 
that for 7 > 0 and 5 € M 


|7d(t)uo|^^^-7(K) < Ct l«oli^|(R), uoeH^i 


(A.6) 


Hence, 


E 


[ e \TA{r)uo\‘^ B dr 
Jo 2 


T g(p-pn) 

— 


c 


< CEj e V “0 dr< ^ E\uo\%b_o ■ 

A “0 

The Minkowski’s integral inequality and the assumption regarding on / give for the second term 


E 


f e [ TA{t-r)f{u{r))dr dt 
Jo Jo 

< e"^*E |rA(t-r)/(u(r))l^| dt 


< 




^ —hXzll .-^ 


e 1 (t — r) “0 e i \f{u{r))\ g-Sf dr \ dt 


h: 


cT 


fi A(f-r) 


< {CCf)'^ J E^y e 1 {t — r) °‘o e <i {1 + \u{r)\ j^q) dr j dt 

Applying Young’s inequality for the convolution term gives 


10 

< 

< 


/ e / TA{t-r)f{u{r))dr 

Jo Jo 

{cCfY [ 

Jo 


dt 


T _lf_ 


e 9 r “0 dr • / e ''’'E(l + |u(r)j^e)'? dr 


i 

+ \u{r)\jjiy dr 

1 —4 Jo ^ 


< oo. 


1 - ir JO 

A “0 
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AT 

where Ci = {CCfYq “o e~^9 “o dO. For the third term, we get 


E 


r j\t-r) 
Jo Jo 


/ 


Ht-r) 


e 1 TA{t — r)e « S(rt(r)) 


dr 


HI 


dt 


< cm 


£ 
2 


2X{t—r) 2Xr 


e 1 e 1 |S(u(r)) | dr 


10 JO 

By the assumption on S we can infer that 

rT [ rt 


H 0 
^2 


dt. 


f r -^ 2\{t-r) 2\r „ 

... < ((7Cs)'^E / / (t — r) “0 e « e i {1+ \u{r)\jjg)^dr 

Jo Jo ^ 


dt. 


Then applying Young’s inequality for the convolution 


... < (CCs)" [ 

Jo 


T 

-^ _ 2Xr 

r “o e '> 


dr ■ f e + \u{r)\fjgydr. 

Jo 


Hence, we have 


E / e 


< 


TA{t-r)J:{u{r))dW{r) 
3 


dt 


HI 


A “0 


2AT _iS_ 

where (72 = (C'C's)'^((7/2) “o “o (i0. It remains to calculate the fourth term. By the 

assumptions on G and A we get 


(A.7) 


f \TA{t)G{r,x,z)\ 

Jr 

In particular, if 


HI 


v{dz)<C’^t “0 [l + \x\^gy, x € 


2^<l 

Oi.r\ 


one can deal with the fourth term as follows. Consider firstly, 


f fl 


E 




e <1 TA{t-r)e G{r,u{r), z) 


v{ dz) dr 


HI 


dt 


{ccG)m r [\t 

Jo Jo 


< 


.MZ 


2A(t-r) 2Ar 


_ £ 
2 


— r) “0 e 1 e 1 {1 + \u{r)\jjgydr 


dt. 


By following similar argument as in Brownian term, we have 

— r)G{r, u(r~),z) fi{dz, dr) 

|rt(t)|)^e dt < oo. 



dt 


HI 
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1 _ 2 £± 22 ^ _ 5 ± 

where C 3 = {CCG)'^{q/2) “0 Jq “0 (i0. Then collecting all estimates yields that I 

maps ^([0,T] x 0;M) into itself. 

Next, we will show that there exists a A > 0 such that the operator I: ^([0, T] x hi; M) —> 

g([0, T] X Q; M) is a strict contraction. To show the claim, let u,v £ ^([0, T] x 0; M). Then 


\l{u) 


X,g 


< [ 

Jo 

rT 

+ / e“*^E 


TA{t - r) {^{uir)) - E(t;(r))) dB{r) 


dt 


HI 


f 



TA{t-r) (G(r, u(r ),z) — G(r,v(r ), z)) r]{dz,dr) 


dt 


f 


^2 




TA{t - r) {f{u{r)) - f{v{r))) dr 


dt. 


HI 


Then by following similar arguments as in previous calculation, we can easily show that. 


C 




\u — v\ 


X,Q 


where C = maxjGi, G 2 , G 3 } and e = minj 1 — , 1 — , 1 — }. Hence X is a strict contraction 

«o "0 "0 

for A sufficiently large. 

To conclude the proof of the theorem we show that u € D((0,T], hi ^([Oj ^]; 

For this purpose, we consider the stochastic convolution term with respect to the Brownian 
term, i.e. 

TA{t - r)Y.{u{r)) dB{r). 



The continuity of this term follows by [11, Theorem 5.9, p. 127]. It remains to investigate the 
cadlag property of 


n TA{t — r)G{r,u{r ), z) fj{dz,dr). 
: 


But Proposition 1.3 in [24] leads to 


E 



TA(t — r)G{r,u{r ),z)fj{dz,dr) 


HI 


-p+ 



< E/ \G{r,u{r),z)y +u{dz)dr. 

/ Q ./to 


Since for any z G R+, G(.,., z) : is bounded, the cadlag property follows. 

In previous analysis, we assumed that ( 7 -moments are bounded of the jump term (see (A.5)) 
to construct the solution to (A.4) using fixed point method. In general, we should only consider 
small jumps with the assumption (A.5) and prove the existence of the solution by using fixed 
point method, since if we allow large jumps to occur, then the corresponding jump integral may 
blow up and the hxed point method will collapse. Notice that the random jump times with 
jump size larger than one are independent of the cr-algebra generated by small jumps (size less 
than one) and Brownian motion. In particular, the Poisson random measure is independently 
scattered, or in other words, for any U £ B(M) the processes r]{U fl (—1,1) x [0, t]) and ri{U fl 
M\ (—1,1) X [0,t]) are independent. Therefore, now we assume that (A.5) holds with only small 
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jumps (size less than one). Let {Tj : i = 1,... , n} be the random jump times (stopping times) 
with the size of the jumps are larger than one. Previous analysis guarantees that there exists a 
u G B((0,Ti),i7|(M)) nB([ 0 ,Ti);F|°(M)), which solves 

( du{t) = {Au{t) + f{u{t))) dt+ Ti{u{t)) dB{t) 

\ + j\^\^iG{t,u{t-),z)fi{dz,dt) - ^^^^^^G{t,u{t),z)v{dz)dt, (A.8) 

[ ri(0) = uo G P 0--S- 


We follow interlacing criteria (see Theorem 2.5.1 in [1]) to construct the solution over whole 
interval [ 0 , T]. 

Now we recursively construct the solution u = Unoi (A.4) over whole interval [0, T] as follows. 
Define on [0, Ti] 


Ul{t) 


u{t) for t <Ti 

u{T{) + G(rf,fi(rf), AP(Ti)) for t = Ti, 


(A.9) 


where P{t) = zr]{dz, dt) is the compound Poisson process. Now suppose that 
P{a; G D : Ti < oo} = 1. Dehne tt(0) = ui(Ti), B[t) = B{Ti + t), = ri{.,Ti + t) and 

= ^Ti+t- Let P{t) = f^^^^-^zfi{dz,dt) be the compound Poisson process which starts from 
time Ti. 

Since we don’t have jumps with size larger than one during the time interval (Ti,T 2 ), from 
previous analysis there exists a solution u{t — Ti) G B((Ti, T 2 ), Lf|(M)) H B([Ti, r2); Lf|°(M)). 
Then, 


U2{t) 


ui{t) for t < Ti 

< u{t — Ti) for Ti < t < T 2 

u{{T 2 - Ti)-) + G{{T 2 - Ti)-,u{{T 2 - Ti)-), AP(r 2 )) for t = T 2 


(A.IO) 


Since we have a finite number of large jumps with size bigger than one over [O.T] almost surely, by 
repeating the above process n times, we can obtain u = Un ^ 1®((0, T], Lf|(M))nB([0, T]; (M)) 

which solves (A.4). □ 


Appendix B: Levy Copulas 


Levy copulas is a general concept to capture jump dependency in multivariate Levy processes 
and is widely used in finance. In this section, we only recall short facts about copulas, pair 
copulas, Levy processes, and the Levy copula concept. Detailed treatment of copulas and Levy 
copulas can be found in [ 8 , 38, 37] and [9, 10, 32]. 

Let Li and L 2 be two Levy processes with Levy measures and V 2 . Before introducing the 
Levy copulas, let us introduce the extended tail integrals Ui and 1 / 2 - 
First, we need following function associated with any z G M \ {0}: 


liz) 


{z, 00 ) z > 0, 
(— 00 , z), z < 0. 


In the same way as the distribution of a random vector can be represented by its distribution 
function, the Levy measure of a Levy process will be represented by its tail integral. 

Now, the tail integral of a 2-dimensional process can be defined for i = 1, 2 by 


U^{z) 


sgn( 2 ) Vi (l{z )), if 2 ; G M \ {0}, 
0 if 2 ; = 00 , 


(B.l) 
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and their generalized inverse, given by 

U^{z) ;= sup{x > 0 I Ui{x) = z}, 2 : > 0, i = 1,2. 

Dependence of jumps of a multivariate Levy process can be described by a Levy copula which 
couples the marginal tail integrals. In particular, let L be a two dimensional Levy process, zz is 
its intensity measure and U is the tail integral defined by 

sgn(2;i) u 

i=l 

Now, L can be seen as two Levy processes linked together by the mapping Lf : ^ M, defined 

as 

U{zi,Z 2 ) = H{Ui{zi),U 2 {z 2 )), zi,Z 2 G M \ {0} U {oo}. 

For example, if Li and L 2 are independent positive Levy processes, the copula H is given by 
(see [32, Theorem 4.6]) 

H_l{zi,Z 2 ) = 211^2=00 + 2 : 21 ^ 1 = 00 , zi,Z 2 € M+ U { 00 }. 

If Li and L 2 are completely dependent, the copula H is given by 

H\\izi,Z2) = mindzil, |2;2|)li^(zi,2:2)sgn(zi)sgn(2;2), zi,Z2 G M. 

where iL = {(zi, 22 ) G : sgn( 2 ;i) = sgn(2;2)}. 

A Sklar type Theorem (see [9]) ensures the existence and uniqueness of a Levy copula given 
a Levy process, and vice versa. To be more precise, it says that for each 2-dimensional Levy 
process with intensity u and marginal Levy measures I'i, i = 1,2, one can associate a Levy 
copula H such that 


2 

u{z)= n 



2 = ( 2 : 1 , 22 ) G (M \ {0} U { 00 })" 


(B.2) 


i=l 


U{zi,Z 2 ) = sgn{zi)sgn{z 2 ) H{Ui{zi),U 2 {z 2 )), 21,22 G M \ {0} U { 00 }. (B.3) 

Here U and Ui, z = 1,2, denotes the tail integrals defined by (2.2) and (2.1) respectively. 

Conversely, if Lf is a Levy copula and Ui, U 2 are marginal tail integrals of two Levy processes. 
Equation B.3 defines the tail integral of a 2-dimensional Levy process, where Ui, U 2 are the tail 
integrals of its components. 

As an example, let us consider Clayton Levy copula. 

Example B.l. For a 2-dimensional Levy processes the Clayton copula is given on by (see 
e.g. [10, 32]) 

H{zi,Z 2) = (^\zi\~‘^+ ]^\Z2\~'^'^ (/3l2i.22>0 + (1 -/3)1 ^i.22<o) , 2:i,2;2GM. (B.4) 

The parameter 9 > 0 determines the dependence of the jump sizes, where larger values of 9 
indicate a stronger dependence, smaller values of 9 indicate independence. The parameter (5 
determines the dependence of the sign of jumps: when fd = 1, the two components always jump 
in the same direction, and when /3 = 0, positive jumps in one component are accompanied by 
negative jumps in the other and vice versa. For intermediate values of [3, positive jumps in 
one component can correspond to both positive and negative jumps in the other component. The 
parameter 9 is responsible for the dependence of absolute values of jumps in different components. 


To give the connection between copulas and Levy copulas let us define the survival copula. 
Let F : ^ [0,1] be a distribution function and F{x,y) = 1 — F{x,y). Let Fi and F 2 be the 

marginal distributions, Fi = 1 — Fi and F 2 = 1 — F 2 be the marginal tail functions respectively. 
Now, one can define the survival copula associated to F by 

C{u,v) ;= F(Ff^(M),Ff^(u)), {u,v) G [0,1]^. 

Since C{u, 1) = u and (7(1, v) = v, we get 0(0, u) = u and C{v, 0) = v. 
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B.l Finite Levy measure and copula 

For simplicity, let L = (Li, L 2 ) be a two dimensional Levy process with only positive jumps and 
with marginal Levy measures ui, 1^2 and copula H. Here, we assume that i^i and 1^2 are two Levy 
measures with z^i((0, 00 )) = Ai, z^2((0, 00 )) = A 2 . We also assume that H is twice differentiable 
and z^i, 1^2 have densities with respect to Lebesgue measure on R \ {0}. We will consider only 
copula, such that Li and L 2 have only common jumps. 

Let {Fl)t>o be the hltration generated by Li and {Ff)t>o the filtration generated by L 2 . We 
are interested in the jumps of Li given the jumps of L 2 . Since 

iy{{zi,oo),{z2,oo)) = H{Ui{zi),U2{z2)) 


it follows that 


lyiidzi) i'2{dz2). 

ui=C/l(zi) 

“ 2 =C 2 ( 22 ) 

Substitution gives 

.(«X M) = r = r r 

Jo Jo Jo Jo 9ui du 2 

= H{0, 0) - H{XuO) - H{0, X 2 ) + H{Xi, X 2 ) 

= H{Xi,X2) ■■= Xh- 


u{dzi,dz2) = 


92 


duidu2 


H{ui,U2) 


Since I'l and 1^2 are finite, it follows that L(t) can be represented by the following sum 


N(t) 

L{t) = ^Yn, 

n=l 

where N = {N{t) : t > 0} is a Poisson process with intensity Xh and {Yn = : n G 

N} is a family of R^-valued independent random variables with distribution function v/Xh- 
Calculating the Fourier transform one can easily see 


00 

EgixLW ^ ^ ^ JgELi I = A: P {N{t) = k) 


k=l 


exp(—A//t) ^ ^ = exp(—A^t) exp (t 

k=i ■ ^ ' 


e^^^v{dx X dy) 


= exp 


t [ — 1 ) v{dx X dy) 

Jm? 


We are interested in the conditional distribution of the jumps in the first variable, given the 
jumps in the second variable, i.e. given the projection onto the second axis, i.e. Fn, 2 - 
If C is the survival copula of i.e. 


C{ui,U2) = F{F^ ^{ui),F^ H«2)), ui,U2 G [0,1], 


with Fi{xi) = Ui{xi)/Xi, then 


C{ui,U2) = F(C/fHAini),C/2-^(A2U2)) = ^t/(C/r'(AiUi), C/2-^(A2U2)) 

Xh 
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and, by the definition of the Levy copula H, 


C{ui,U2) = -^Lf(AiUi, A 2 U 2 ), ui,U2 G [0,1]. 

A_ff 

Fix e > 0 and let us assume that we have a Levy measure with infinite activity and that we 
cut of all jumps whose projection onto one of the two axis is smaller than e. Then we have 

i/((e,oo) X (e,oo)) = =C(e,e). 

This gives us the scaling property 

1 


A 


H{\ui,Xu2) = H{ui,U 2), Ui,U2 G M \ {0}, 


for X = H{e,e). 

Proposition B.l. Let us assume that Ai = A 2 = A = H{e,e) and let us assume that the Copula 
H satisfies the following scaling property: 


H{Xui,Xu2) = Lf(tti,tt2), ui,U2 G M\ {0}. 


Let us define 


h{ui,U2) ■■ = 


52 


-H{ui,U2) . 


duidu2 

Then, the conditional probability of AjLi given AtL 2 is represented by 


'{AtLi = zi I AtL2 = Z 2 ) = h{ui,U2) 


ui^Ui(zi) 

“2 = C2(z2) 


^{dzi). 


Proof. The formula can be shown by direct calculations. In particular, 

T {{AtLi = zi} n {AtL2 = Z2}) 


P (AtLi — zi I AtL2 — Z 2 ) 
9= 


P({AtL 2 = 22}) 




!E;r(0,z2) 

Substituting Ffixi) = Ui{xi)/Xi we get 




^2 122=^2(22) 


A 

A 2 


dz2 


h{ui,U2) 


ui = (7l(zi) 

“2 = U 2 (z 2 ) 


U2{U2) 

vi{dzi). 


□ 
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B.2 Copula and <t— finite Levy measures 

Let us assume that the and V 2 are two Levy measures with infinite measure. 

Let u he a u-finite Levy measure and L the corresponding Levy process. Here we consider L 
with only positive jumps. Cutting off the jumps smaller than e, the corresponding Levy process 
can be written as follows. 

Ne{t) 

:= ^ 

i=l 

where is a Poisson point process with parameter \ (0, e) x (0,e)) and {Yi^^ : i G N} are 
independent identical distributed random variables with survival function 


^ / N Uix,v) 

y) = , x,y>e. 


(B.5) 


U{e,e) ’ 

Now, the aim is to express the survival copula of the two dimensional random variable Yj 
by the Levy copula H and vice versa. The survival copula of is given by 

Ce {u,v) = Fe {u) , FaTe (u)), u, u G [0, 1]. 

Since 

where Ui^s(x) = t'i([x,oo)) for x > e. It follows that 

u G [0,1], i = 1, 2. 

Therefore 

C,{u,v) = F, (ur^^{U,{e)u),U^^^{U 2 {e)v) 

Next, (B.5) implies that 

U (u{^^{Uiis)u),U^^^{U2is)v)) 


Ceiu,v) = 
Finally, by the definition of H we get 

Ce{u,v) = 


U {£,e) 

H {Ui{s)u,U 2 ie)v) 


H{Ui{£)Me)) 

In case = V 2 -, we get by the scaling property of the Clayton copula (see Definition B.4) 


Ce{u,v) = 


Ui{e) 


-F[{u, v) = H{u, v). 


Ui{e)H{l,iy 

This means that the survival copula is given by H. 

Proposition B.2. Let us assume the copula satisfies the following scaling property 

F[{aui,au2) = aF[{ui,U2), ui,U2GM. 

Let us define 


(B.6) 


h{ui,U2) ■■= 




duidu2 

Then the conditional probability o/Yi^e given 12,6 is 


H{ui,U2) . 


P (Yi,£ = I 12, e = Z 2 ) = h{ui,U2) 

for the case where ni = 1^2 ■ 




v{dzi), 
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Proof. The formula can be shown by direct calculations. In particular, we can argue along the 
following lines 


' — Zi}n {l 2 ,e — Z 2}) _ dz%z2^^ {^1,^2) 


p(yi,, = zi 1 ^ 2 ,. = ^ 2 ) = 


P({5^2,e = ^ 2 }) 


Owing to the following equalities 


dz2 dz2 U2{e) 1 / 2 ( 6 ) 


and the scaling property (B. 6 ) we get 


P(yi,, = ^l lYe ,2 = Z 2 ) 


duidu 2 


H{ui,U 2 ) 


gfi P'l,£(^l) F 2 ,e{z 2 ) 

“l=^e,l(^l) d TP ( \ 

“ 2 =^ 6 , 2 (^ 2 ) 92 : 2 '^ 2 ,el 2 ) 


= 2 ^/^- 


92 


duidu 2 
= 2 ^^^h{ui,U 2 ) 


H {ui,U 2 ) 


ui^Ui(zi) 

“2 = C 2 ( 22 ) 


d - 

«l = C/i(zi)/C7i(e) 

“2 = U2(22)/U2(e) ^ 

i^iidzi). 


□ 


Example B. 2 . ^45 mentioned in example B. 4 , the Clayton copula is given by 


H(ui,U 2) = + ]^U2^ ] (5luiU2>0-, ttl,tt2>0. 


A short calculation shows that for i = 1,2 


dH{ui,U 2 ) _ 1 A -e I 1 - 
dui 2\2 ^ 2 2 


-4-1 


u, 


-e-i 


and 


Therefore 


d‘^H{ui,U 2 ) 1 


duidu2 4 


^ -e , 


= - (1 + 0 ) - ur ^ + -V <-^^2 


-- — 2 
/I ^ 


- 9 - 1 ^-e -1 


1 


^ -e , 


h{ui,U2) = -(1 + 0) +-U 2 U 2 , 


--—2 
a ^ 


-9-1^ -9-1 


which implies that 

P(ALi(t) = zi I AL2(i) = Z 2 ) 


1 




= 7(1 + ^) o<+oV V'S 


— i —2 




ui^Ui(zi) 

“2 = U 2 (z 2 ) 


1^1 (d^i). 
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Appendix C: Application of Levy -Upward Theorem 


Before we start our main theorem of this section, we will illustrate the following remark which 
is useful to complete the proof of the main theorem of this section. 

Remark C.l. Let be a measure space and C d A. We say that C is a lattice, if C is 

closed under countable unions and intersections, and ^ C. Let ■.= {A ^ A, Lt. \ A ^ C}. 
By the definition of the a-algebra, we know that if C is a a-algebra, then C is also a lattice and 
= C. Therefore, in case C is a a-algebra. Theorem 3.1 in [39] reads: 


IE.y 


1 

A 


C 


(E^ [A|/:])-\ 


with '){A) = f^X{uj)fi{duj) and X is a square integrable random variable. 

Using Theorem 3.1 of [39] and the Levy’s upward Theorem we can show the following Theo¬ 
rem. 

Theorem C.l. Let V = {V{t) : t > 0} be a solution to equation (2.8) and : t > 0}, 

e € (0,1], be the family of a solutions to (2.22). Let {U ^ ^ £ (0,1)} be a family of uniformly 
integrable stochastic processes. Fix p = 1 or 2. In particular, for any t > 0 the family {|r£(t)|'^?’ : 
e € (0,1]} is uniformly integrable and lime_>.o ^(t) = T{t), Q-a.s. Then, we have Q-a.s. and in 
L^{n;R) 


lim 

S —^0 


[Tfit)v%t) I Tfir= IE'® [r(t)u(t) I Tiir, 


where 


y%t) 

v{t) 

Proof. Apply the Kallianpur-Striebel formula to get 


, t > 0. 


[r,{t)v^{t)\yf]-K^[r{t)v{t)\yt]f 


[^e{t)V{t) I Ti 


V{t) 


y] 


- E^ [r(t)u(t) I Tt] 


< 2 P-^ 

+ 2P-H 

The Holder inequality gives 


vaL I 
[^e{t)v{t) I yn 


[r(t)H(t) I Tt] 


^h) I 
VAt) ' 

[r(t)H(t) I Ti] 


Vjt) 

vAt) 


yf 


VAL I 


- E^ [r(t)u(t) I yt] 


< 2 P 


-1 


1 


V{t) 


vAt) I yi 




+ 2 P- 


-1 


I Tt] 


(C.l) 


(C.2) 


[U(t)U(t) |Tf]-E^ [Tit)Vit)\yt] 


1 

2p\ 2 


v{t) 


vaA I 


2p 


V^{t) ' \ 


- 1 


2p 
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Now we will show that for e —?> 0, the first term in last inequality converges to zero. First, we 
will show that there exists a constant C > 0 such that 


L(t) I -V;e 

ys(t) I 


2p 


< C, e G (0,1]. 


By Theorem 3.1 in [39], Jensen’s inequality and Holder inequality we get 


V(t) 

I 


yf 


2p 


< 


< 


, yf 

[Vit) 

V%t) 


2p 


V{t) 


yf 


< 


v%t) 

V{t) 


V%t) 


V{t) 


2p 


yf 


V^t) 


V^it) 

Vit) 


Vit) 


1 

4p\ 2 


V%t) 

V 

V%t) 

Vit) 

j r 

Vit) 


4p-l\ 2 


(C.3) 


To see that the last terms are bounded, first, note that V~^ = Z where Z solves (2.6). Due to 
the fact that g is bounded, Z has bounded moments of order 8 p — 2. In addition, for any t > 0, 
V{t) and V^{t) have also uniform bounds of order 8 p — 2. Hence, we conclude the RHS above is 
uniformly for all e > 0 bounded. 


Next, we would like to show that 


lim ] 

S —^0 


[r,(f)H(t) |X]-E^ [r(t)F(t) I Tt] 


2p 


= 0 . 


(C.4) 


For the notational convenient, take ff = and = T{t)V{t). For fixed positive 

R > 0 (the exact value of R we will fix later) we get 


[Ff [FfiTt] 


2p 



e<q 

rfi|rfi<7? yf 

_E‘Q 

y^ 


eQ 

rfi|rfi>7? yf 

- E*® 

rAiir°i>it yt 


eQ 

rfi|rfi<it yf 

-E*® 

yt 


2p 

2p 

2p 


+ 2 ^P- 


rfl|rf|>ij 


2p 


+ 2^P- 


■pO-i 


2p 


(C.5) 


The last inequality holds due to the Jensen’s inequality. Since for any f > 0, the family {[Tf [^^ ; 
e G (0,1]} is uniformly integrable, for any At > 0 there exist a number R > Q such that for all 
e G (0,1], 

2p At 


and 


rfl|rf|>fi 


rA°l|rO|>it 


< 


2p At 
<4- 
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Let ii > 0 be fixed. First, 


rfi|rfi<R I y! 


i|r°i<ij I yt 


2p 


< R^P 


— Ill 


rn 


tRm<R 


yt 


l|rO|<ij I yt 


By the Levy -Upward Theorem (see p. 196 in [12]), there exist a number ei > 0, such that for 
all e G (0, ei]. 


R^P 


'—In 


rfi|rfi<R I yt 


i|r°i<R I yt 


< 


This implies that for all e G (0, ei]. 


[Tf iTfj-lE'® [rOjTt] 


2p 


< K. 


This gives Claim (C.4). Combining results (C.3) and (C.4), implies that the hrst term in last 
inequality of (C.2) goes to zero as e —>■ 0. It remains to show 


Vjt) 

V-{t) 


yt 


- 1 


2p 


0 as s —^ 0. 


By similar arguments we can prove that the term above also converges to zero as e —>■ 0, which 
gives the assertion. □ 
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